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We theoretically investigate the localization mechanism of quantum anomalous Hall Effect (QAHE) with
large Chern numbers C in bilayer graphene and magnetic topological insulator thin films, by applying either
nonmagnetic or spin-flip (magnetic) disorders. We show that, in the presence of nonmagnetic disorders, the QA-
HEs in both two systems become Anderson insulating as expected when the disorder strength is large enough.
However, in the presence of spin-flip disorders, the localization mechanisms in these two host materials are
completely distinct. For the ferromagnetic bilayer graphene with Rashba spin-orbit coupling, the QAHE with
C = 4 firstly enters a Berry-curvature mediated metallic phase, and then becomes localized to be Anderson
insulator along with the increasing of disorder strength. While in magnetic topological insulator thin films, the
QAHE with C = N firstly enters a Berry-curvature mediated metallic phase, then transitions to another QAHE
with C = N − 1 along with the increasing of disorder strength, and is finally localized to the Anderson insulator
after N − 1 cycling between the QAHE and metallic phases. For the unusual findings in the latter system, by
analyzing the Berry curvature evolution, it is known that the phase transitions originate from the exchange of
Berry curvature carried by conduction (valence) bands. At the end, we provide a phenomenological picture
related to the topological charges to help understand the underlying physical origins of the two different phase
transition mechanisms.
I. INTRODUCTION
Anderson localization is one of the most striking trans-
port phenomena in condensed matter physics1. In the pres-
ence of disorders, electronic wave function is localized for
large enough disorder strength. It is well-known that two-
dimensional electrons can be suddenly driven into the Ander-
son insulating phase even in the presence of extremely weak
disorders. When the time-reversal symmetry is broken by ap-
plying magnetic fields, or the spin-rotational symmetry is bro-
ken by the presence of spin-orbit coupling, a metallic phase
appears when the disorder strength W is less than the criti-
cal disorder strength WC where the metal-insulator transition
occurs2–4.
Ever since the experimental realization of graphene5–7 and
topological insulators8,9, numerous attention has been paid
to explore the long-sought quantum anomalous Hall Effect
(QAHE)10–37, which has been first experimentally observed
in magnetic topological insulator thin films38 and is still a
hot topic on how to increase the observation temperature39.
As a sharp contrast, it is interesting to know how the QAHE
will be localized when large external disorders are present.
In our previous work40, we found that the QAHE with Chern
number of C = 1 becomes to be localized into the Ander-
son insulators by following two completely distinct ways (i.e.,
QAHE→Anderson insulator, and QAHE→Metal→Anderson
insulator) in the presence of nonmagnetic and spin-flip disor-
ders, respectively. Following the further exploration on how
to observe the large-Chern-number QAHE, a natural question
arises: how will the large-Chern-numberQAHE will be local-
ized in the presence of disorders?
In this article, we investigate the electronic transport prop-
erties of the chiral edge modes of large-Chern-number QAHE
systems (i.e., bilayer graphene and magnetic topological insu-
lator thin films) in the presence of nonmagnetic and spin-flip
disorders. In the ferromagnetic bilayer graphene system with
Rashba spin-orbit coupling, the QAHE with Chern number of
C = 4 can be formed. And in magnetic topological insulator
thin films, the QAHE with varying Chern numbers can be pro-
duced by tuning the ferromagnetism strength (film thickness)
at fixed film thickness (ferromagnetism strength). In the pres-
ence of nonmagnetic disorders, we show that both systems
become Anderson insulators from the QAHE phase without
entering another QAHE phase with different Chern numbers
in the presence of strong disorder strength. While for the case
of spin-flip disorders, we find that (i) in the bilayer graphene
system the QAHE with Chern number of C = 4 first enters
a Berry-curvature mediated metallic phase and then becomes
Anderson insulator along with further increasing the disorder
strength; (ii) in the magnetic topological insulator thin film
system the QAHE with Chern number of C = N first en-
ters a metallic phase, then enters another QAHE phase with
C = N − 1, and is finally fully localized to be Anderson in-
sulator after N − 1 cycling between the QAHE and metallic
phases. In the end, we provide a phenomenological picture
to understand the underlying physical mechanisms of the two
distinct disorder induced Anderson localization.
II. SYSTEMMODELS ANDMETHODS
In our consideration, we choose the AB-stacked bilayer
graphene and magnetic topological insulator thin films to real-
ize the large-Chern-number QAHE. The tight-binding Hamil-
tonian of the ferromagnetic bilayer graphene in the presence
2of Rashba spin-orbit coupling can be expressed as41,42:
HBLG = H
T
SLG + H
B
SLG + t⊥
∑
i∈T, j∈B,α
c
†
iα
c jα, (1)
HSLG = −t
∑
〈i j〉α
c
†
iα
c jα + itR
∑
〈i j〉αβ
(sαβ × dˆi j) · zˆc
†
iα
c jβ
+ M
∑
iα
c
†
iα
szciα, (2)
where H
T,B
SLG
represents the Hamiltonian of top (T) or bottom
(B) graphene layer. t⊥ is the interlayer hopping amplitude.
In Eq. (2), the first term describes the nearest-neighbor hop-
ping; the second term represents the Rashba spin-orbit cou-
pling with a coupling strength of tR, and dˆi j is the unit vec-
tor pointing from j-site to i-site; and the third term is the ex-
change field with a field strength of M. Here, α and β denote
spin indices.
The tight-binding Hamiltonian of the magnetic topological
insulator thin films can be written as43:
H =
∑
i
ε0c
†
i
ci +
∑
i
∑
γ=x,y,z
c
†
i
Tγci+γ + h.c.
+
∑
i
m0c
†
i
ci, (3)
where ε0 = (C−3B/2)τz⊗σ0, Tγ = B/4τz⊗σ0− iA/2τx⊗σγ,
and m0 = mτ0 ⊗ σz. ci = [ai↑, ai↓, bi↑, bi↓], with (a, b) de-
noting two independent orbitals and (↑↓) representing spin
indices. A, B, C are independent parameters, where A rep-
resents the Fermi velocity and C determines the amplitude of
the inverted band gap. γ is the unit vector towards the direc-
tion of γ = (x, y, z). σ and τ are respectively spin and or-
bital Pauli matrices. m measures the effective exchange field
strength. Since we focus on the resulting topological phenom-
ena of magnetic thin films, the thickness (i.e., layer number)
along z-direction is set to be finite44.
In both cases, we apply either nonmagnetic or spin-flip
disorders to investigate the transport properties of the large-
Chern-number QAHE. The tight-binding Hamiltonian of the
applied disorders can be expressed as:
Hdis =
∑
i
w0i c
†
i
ci + w
x
i c
†
i
σxci + w
y
i
c
†
i
σyci, (4)
where the first term describes the on-site nonmagnetic disor-
der, and the last two terms correspond to spin-flip disorders.
w0,x,y are uniformly distributed in the interval of [−W/2,W/2]
with W representing the disorder strength. In our study, we
employ the Landauer-Bu¨ttiker formula to calculate the two-
terminal conductance of the large-Chern-number QAHE in
the presence of either nonmagnetic or spin-flip disorders. The
disorders are only considered in the central scattering region
that couples with two semi-infinite leads, which are exactly
extended from the central part. The conductance from right-
to left-terminal can be evaluated as45:
GLR =
2e2
h
Tr
[
ΓLG
rΓRG
a] , (5)
where Gr,a are respectively the retarded and advanced green
function, ΓL,R are the line-width function coupling with the
left and right terminals.
FIG. 1: The band structures of nanoribbons for (a) bilayer graphene
with Chern number C = 4, and (b) magnetic topological insulator
thin films with Chern number C = 2. Red lines describe the gapless
chiral edge modes. ∆1 and ∆2 denote the band gaps. The correspond-
ing system parameters are set to be tR = 0.4t and M = 0.4t in panel
(a), and C = 0.3B, A = 0.5B, m = 1.75B in panel (b).
III. RESULTS AND DISCUSSIONS
Figure 1 displays the band structures of nanoribbons for bi-
layer graphene with Chern number C = 4 and magnetic topo-
logical insulator thin films with Chern number C = 2, respec-
tively. The widths of the system are respectively set to be N =
60 and N = 80. Chiral gapless edge modes highlighted in red
lines arise within the energy gap of ∆1/t ∈ [−0.22, 0.22]and
∆2/B ∈ [−0.21, 0.21], respectively.
A. Localization mechanisms of bilayer graphene based QAHE
In the bilayer graphene based QAHE system, we select sev-
eral representative Fermi energies inside the bulk band gap,
i.e., EF/t = 0.001, 0.04, 0.08, 0.12, 0.16, 0.20 to investi-
gate the disorder effect on the electronic transport properties.
Figure 2 depicts the averaged two-terminal conductance 〈G〉
as a function of the disorder strength W for respective non-
magnetic and spin-flip disorders. For the nonmagnetic case
as displayed in Fig. 2(a), the conductance keeps quantized to
be 〈G〉 = 4e2/h in the presence of weak disorders. When
the disorder strength reaches certain critical strength, the con-
ductance suddenly becomes to decrease first and then gradu-
ally decrease to be vanishing. In particular, at a fixed disorder
strength, the closer of the Fermi energy near the charge neu-
trality point EF/t = 0.00, the more robust of the averaged con-
ductance against disorder. However, for the spin-flip disorder
case, the disorder effect on the electronic transport properties
3FIG. 2: Averaged conductance 〈G〉 as a function of W for different
Fermi energies inside the bulk gap. The system is bilayer graphene
with parameters set to be N = 60, tR = 0.4t and M = 0.4t. (a)
and (b): For nonmagnetic and spin-flip disorders, respectively. 4000
samples are collected for each data point.
exhibit completely different from those observed in the non-
magnetic case. Figure 2(b) shows the averaged conductance
as a function of disorder strength in the presence of spin-flip
disorder. One can find that the variation of the averaged con-
ductance is divided into two parts with the increase of disorder
strength, i.e. (i) in the presence of weak disorder (W/t<2.3),
the averaged conductance keeps quantized (〈G〉 = 4 e2/h)
before it reaches the critical disorder strength, (ii) after dis-
order exceeds the critical strength, the averaged conductance
gradually vanishes. In contrast to the nonmagnetic case, the
farther of the Fermi energy away from the charge neutral-
ity point EF/t = 0.00, the more difficult of the conductance
to be destroyed. For instance, the averaged conductance for
EF/t = 0.001 keeps quantized until (W/t ≈ 2.2) and once
W/t > 2.3, it immediately drops to zero.
B. Localization mechanism for Z2 topological insulator thin
film based QAHE
In the magnetic topological insulator thin films, Fig. 3
displays the averaged conductance as a function of disorder
strength for different Fermi energies inside the bulk gap. In the
presence of nonmagnetic disorder [see Fig. 3(a)], the variation
of averaged conductancewith the increase of disorder strength
is similar with the nonmagnetic case of bilayer graphene sys-
tem [see Fig. 2(a)]. While in the presence of spin-flip dis-
orders, as shown in Fig. 3(b), the system exhibits a com-
pletely different localization phenomenon in contrast to the
above numerical results. The most striking feature is the ap-
pearance of additional quantized conductance plateau as the
increases of disorder strength W, i.e., in the presence of weak
disorder, the averaged conductance keeps quantized with a
value of 〈G〉 = 2e2/h; when W reaches the first critical value
(e.g., WC1/B ≈ 1.90 at EF/B = 0.001), the initial quantized
plateau is destroyed and the system quickly enters a lower
quantized plateau with a value of 〈G〉 = e2/h; as W contin-
uing to increase, the averaged conductance keeps quantized at
FIG. 3: Averaged conductance 〈G〉 as a function of W for different
Fermi energies inside the bulk gap. The system is magnetic topolog-
ical insulator thin flims with width set to be N = 80. (a) and (b): For
nonmagnetic and spin-flip disorders, respectively. 4000 samples are
collected for each data point. Inset of (b) is the conductance variation
of system with higher Chern number in EF/B=0.001. 300 samples
are collected for each data point. The parameters in the inset are
C = 0.3B, A = 0.5B, m = 1.71B, N = 60 for σxy = 4e
2/h and
C = 0.3B, A = 0.5B, m = 1.7B, N = 60 for σxy = 3e
2/h, respec-
tively.
〈G〉 = e2/h; when W reaches the second critical point (e.g.,
WC2/B ≈ 3.90 at EF/B = 0.001), the quantized plateau is de-
stroyed and the conductance gradually vanishes. Note that, the
closer of the Fermi energy to EF/B = 0.00, the more robust
of the lower quantized plateau against disorder, therefore the
lower quantized plateau almost disappears at the conduction
band edge (EF/B = 0.20).
For magnetic topological insulator thin films, the Chern
number can be tuned by varying the thickness of the films.
Inset of Fig. 3(b) shows the averaged conductance as a func-
tion of disorder strength for the system of C = 4 and C = 3 at
EF/B = 0.001. One can see that the Hall conductance is de-
stroyed step by step and forms plateaus in every integer value.
To understand the fundamental physics that results in these
anomalous transport properties, we analyze the Berry curva-
ture density in the corresponding bulk system that reflects the
nature of the QAHE.
C. Berry curvature analysis
For the disordered system, we use a generalized Berry cur-
vature and Kubo formula to calculate conductances in real
space instead of reciprocal space which can be expressed as46
Ωα = −
∑
β,α
2Im〈α|vx|β〉〈β|vy|α〉
(wα − wβ)2
(6)
σxy = −
e2
h
∫
〈Ω(ǫ)〉 f (ǫ)dǫ (7)
In the above equations, Ω(ǫ) = 1
S
Tr[Ωˆδ(ǫ − H)] describes the
Berry curvature density in the energy spectrum with Ωˆ being
4FIG. 4: (a1)-(l1) Evolution of averaged Berry curvature density Ω as
a function of energy E for different spin-flip disorder strengths W.
(a2)-(l2) Corresponding averaged Hall conductance σxy as a function
of energy E. P
v/c
D1/2
is the conductance of first/second Dirac point.
v/c represents valence/conduction bands. P
v/c
R1/2
is the conductance of
remaining bands. 30 samples are collected for each point.
the Berry curvature operator Ωˆα =
∑
α |α〉〈α| where |α〉 indi-
cates the eigenvector of |~wα〉 in the disorderd system. S is
the area of the two-dimensional system and vx/y is the veloc-
ity operator in the x or y direction. f (ǫ) is the Fermi-Dirac
distribution.
In the bilayer graphene, the transport properties of nonmag-
FIG. 5: (a1)-(l1) Evolution of averaged Berry curvature densityΩ as a
function of energy E for different nonmagnetic disorder strengths W.
(a2)-(l2) Corresponding averaged Hall conductance σxy as a function
of energy E. 30 samples are collected for each point.
netic or spin-flip disorder doped systems are almost same as
that in the square lattice with Chern number C = 1 and mono-
layer graphene with Chern number C = 2, which have been
studied in our previous paper29. Therefore, in this article, we
mainly explore the mechanism of anomalous transport prop-
erties in the magnetic topological insulator thin films.
In the magnetic topological insulator thin films, Fig. 4
shows the evolution of the averaged Berry curvature density
Ω and Hall conductance σxy as a function of the Fermi
energy E for different spin-flip disorders strengths W/B =
0.00, 0.60, 1.10, 1.60, 1.85, 2.15, 2.40, 2.95, 3.45, 3.65, 3.90,
4.25, 4.55. At W/B = 0.00 [see Fig. 4(a1)], we can iden-
tify two Berry curvature peaks in either valence bands
or conduction bands as Pv,c
D1
that from the contribution of
massive Dirac bands, and P
v,c
R1
that from the contribution
of remaining bands, where v/c denotes valence/conduction
bands and D1/R1 denotes the first Dirac/remaining bands.
One can find that for Fermi energies inside the bulk band
gap, Ω(E) = 0 and σxy = 2e
2/h, and the Hall conductance
preserve σxy(E) = σxy(−E) due to the electron-hole symme-
try of energy bands. In the presence of weak disorders [see
Figs. 4(b)−4(d)], the two Berry curvature peaks Pv,c
D1
move
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FIG. 6: Schematic of the evolution of topological charges carried by the spin-textures of the valence and conduction bands in magnetic
topological insulator thin films with spin-flip disorders. (a) In the absence of disorders, valence/conduction bands carry four Skyrmions with
topological charges of +1 +1 -1 -1. (b) At weak disorders, there four Skyrmions are scattered to be eight Merons that carry half-integer
topological charges and are labelled as “A1”,“A2”, “B1”, “B2”, “C1”, “C2”, “D1” and “D2”. (c) By further increasing disorder strength,
Merons B2 and C1 move towards each other. (d) Merons B2 and C1 make an exchange leading to Hall conductance falling on next ladder.
(e),(f) Weak disorders hardly affect on Merons A2 and D1. When disorder strength becomes to the second critical point, Merons A2 and D1
move towards each other and make a exchange result in the disappearance of the integer conductance.
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FIG. 7: Schematic of the evolution of topological charges carried by the spin-textures of the valence and conduction bands in bilayer graphene
with spin-flip disorders. (a) In the absence of disorders , valence/conduction bands carry four Skyrmions with topological charges of +1 +1 -1
-1. (b) At weak disorders, there four Skyrmions are scattered to be eight Merons that carry half-integer topological charges and are labelled
as “A1”, “A2”, “B1”, “B2”, “C1”, “C2”, “D1” and “D2”. (c) By further increasing disorder strength, Merons A2 and C1, B2 and D1 move
towards each other. (d) At strong disorders, Merons A2 and C1, B2 and D1 exchange together causing the Anderson localization.
6towards each other and shrink the band gap. The contribution
of areas covered by red/green color to Hall conductance are
about 0.5e2/h. Meanwhile, the two Berry curvature peaks
Pv,c
R1
are almost fixed and broaden. When the disorder strength
approaches the first critical point W/B ≈ 1.85 [Fig. 4(e)], the
bulk gap begins closing and the Berry curvature peaks Pv,c
R1
start to exchange with each other. If the disorder strength
continues to increase [see Figs. 4(f)-(h)], one can find that
the two peaks P
v,c
R1
make a interchange with the bulk gap
reopening, and the Hall conductance inside the bulk gap now
becomes σxy = e
2/h, which is consistent with above transport
calculations. At even stronger disorders [see Fig. 4(i)], one
can see that the two peaks P
v,c
R1
vanish and instead two new
peaks appear, which can be identified as Pv,c
D2
followed by
the similar definitions above. When the disorder strength is
strong [see Figs. 4(j)-(l)], the two Dirac peaks Pv,c
D2
undergo the
second interchange process, and finally the Hall conductance
inside the bulk gap is zero, indicating the system becomes the
Anderson insulator.
In contrast, Fig. 5 displays how the averaged Berry cur-
vature density and Hall conductance evolve for the magnetic
topological insulator thin films with nonmagnetic disorders.
With the increase of disorder strength, although the two Dirac
peaks move towards each other shrinking the bulk gap, the
most noticeable difference from the case of spin-flip disor-
ders is the lack of interchange of Berry curvature carried by
two Dirac peaks. Therefore, the system with nonmagnetic dis-
orders does not undergo a Berry-curvature mediated metallic
phase but transit directly from the QAHE state to the Ander-
son insulating phase.
D. A phenomenological picture
From above observed anomalous transport phenomenon
in large Chern number system, we can now provide a phe-
nomenological picture of topological charge to understand it.
In the magnetic topological insulator thin films, the con-
tinuous model of half BernevigHughesZhang model is H =
kxσx+kyσy+mσz. Owing to infinite domain of integration in-
stead of first Brillouin zone in reciprocal space, the Hall con-
ductance carried by a Dirac point is about 0.5e2/h. Before
band inversion, the Hall conductance carried by Dirac point
and remaining bands is respectively 0.5e2/h and −0.5e2/h in
valence bands, thus the total Hall conductance carried in va-
lence bands is zero. After band inversion, the Hamiltonian
is transformed to H = kxσx + kyσy − mσz. Now the Hall
conductance carried by Dirac point and remaining bands is
respectively −0.5e2/h in valence bands, so we could real-
ize −e2/h QAHE. Here the disorder strength plays a role of
a mass term in aforementioned band inversion mechanism.
From the topological point of view, the quantized Hall con-
ductances are analogous to four Skyrmions, as shown in Fig.
6(a), where valence/conduction bands carry four topological
charges of +1 +1 -1 -1 labelled as “A”, “B”, “C”, “D”, and
spins pointing outwards (inwards) is +1 (-1). When the spin-
flip disorders are applied [see Fig. 6(b)], all Skyrmions will be
divided to eight merons (labelled as ”A1”, ”A2”, “B1”, “B2”,
“C1”, “C2”, “D1” and “D2”). When the disorder strength in-
creasing to the first critical point [see Fig. 6(c)], merons B2
and C1 move towards each other and begin to interchange.
At stronger disorder strength [see Fig. 6(d)], merons B2 and
C1 have finished the interchange, thus the Hall conductance
in valence bands is transit to the lower plateau σxy = e
2/h.
Note that, merons D1 and A2 would not be influenced by the
spin-flip disorders until disorder strength approaches the sec-
ond critical point. When the disorder strength continuing to
increase [see Fig 6(e)-(f)], merons D1 and A2 undergo the in-
terchange process, thus the total Hall conductance vanishes.
In the bilayer graphene system, the mechanism of Berry
curvature interchange is different from that in magnetic topo-
logical insulator thin films. The key point is that for all four
Skyrmions are totally equivalent. Fig. 7 displays the evolution
of topological charges carried by the spin-textures of the va-
lence and conduction bands in bilayer graphene system. In the
presence of weak disorder [see Fig. 7(a)-(b)], four Skyrmions
(for simplicity, we draw four Skyrmions. Actually, there are
eight Skyrmions in bilayer graphene because of the Chern
number C = 4) are scattered to eight merons labelled as “A1”,
“A2”, “B1”, “B2”, “C1”, “C2”, “D1” and “D2”. At stronger
disorder [see Fig. 7(c)], the merons A2 and C1, B2 and D1 not
make an interchange step by step, but interchange at the same
time. After the interchange [see Fig. 7(d)], the net charge in
valence band is zero, indicating the system enters the Ander-
son insulating phase.
As aforementioned discussion, we know that the mech-
anisms of the phase transition are different in the bilayer
graphene and magnetic topological insulator thin films based
QAHE system. The reason is that in the bilayer graphene sys-
tem, the Skyrmions induced by nonzero Chern number are
equivalent leading to the undistinguished feature during the
phase transition, making the system enters the Anderson in-
sulator after once interchange. Whereas in the magnetic topo-
logical insulator thin films, repeated band inversion will pro-
ducemultiple unequal Skymions and the destruction condition
of these Skymions are disparate by spin- flip disorders.
IV. CONCLUSION
In summary, we theoretically investigate disorders effect
(including nonmagnetic disorder and spin-flip disorder) on the
two types of QAHE systems with large Chern number. In
nonmagnetic disorder case, both of the systems display simi-
lar localization behavior that directly transit from the QAHE
state to the Anderson insulating state. In spin-flip disorder
case, we find that with the increase disorder strength, both of
the systems exist the Berry curvature mediated metallic phase
but the mechanisms of phase transition are different. In mag-
netic topological insulator thin films, the quantized conduc-
tances are destroyed step by step from higher to lower integer
plateau and finally the system enters the Anderson insulating
phase. Whereas in bilayer graphene, the quantized conduc-
tances are destroyed in only one step and eventually the sys-
tem becomes the Anderson insulator. The underlying physi-
cal mechanism in the two types of QAHE systems can be ex-
7plained from the view of topological charges, where consider-
ing valence/conduction bands carry different charges respec-
tively. Our work provide a deep understanding to the disorder
effect on the QAHE systems with tunable Chern number.
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